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In the recently introduced mass-polariton (MP) theory of light [Phys. Rev. A 95, 063850 (2017)],
the optical force of light drives in a medium forward an atomic mass density wave. In this work,
we present the Lagrangian formulation of the MP theory starting directly from the principle of
least action and the well-known Lagrangian densities of the electromagnetic field and the medium
within the special theory of relativity. The Lagrangian densities and the resulting Euler-Lagrange
equations lead directly and without any further postulates to the unique expression of the optical
Abraham force that dynamically couples the electromagnetic field and the medium in the MP theory
of light. The field-medium coupling is symmetric and bi-directional and it fulfills the law of action
and counteraction. The coupled dynamical equations also enable the exact description of the very
small kinetic energy of the medium as a part of the total energy of the coupled state of light. Thus,
the Lagrangian formulation of the present work is a complementary approach to Lorentz covariance
properties of the MP theory discussed in our recent work [Phys. Rev. A 99, 033852 (2019)]. We show
how the coupled dynamical equations of the field and the medium can be solved analytically for a
Gaussian light pulse. It is astonishing how the simple analytic results for the dynamical equations,
the optical force, and the stress-energy-momentum tensor of the MP theory follow ab initio from
the Lagrangian densities that have been well known for almost a century.
I. INTRODUCTION
The momentum of light and its formulation in the the-
ory of electrodynamics in continuous media have been
under an extensive debate since the early 20th century
[1–6]. Defining and measuring the momentum of light
has culminated in postulating separate Abraham and
Minkowski stress-energy-momentum (SEM) tensors to
describe the relations of the energy and momentum of
light in condensed media [6–9]. The fundamental ques-
tion behind the Abraham-Minkowski controversy is how
the momentum of light is split between the electromag-
netic field and the atoms and how the atomic effects re-
lated to this coupling could be experimentally measured.
Very recently, the mass-polariton (MP) theory of
light has provided a unique resolution to the Abraham-
Minkowski controversy [10–12]. The MP theory shows
that light propagating in a medium must be described
as a coupled state of the field and the medium. The key
result of the MP theory is the atomic mass density wave
(MDW) driven forward by the optical force. It is also
an unavoidable consequence of the Lorentz transforma-
tion of the special theory of relativity and it is ultimately
linked to the constant center of energy velocity of an iso-
lated system. The MDW resulting from the coupling of
the field and the medium does not only carry momen-
tum, but also angular momentum. This has far-reaching
consequences in the analysis of the angular momentum
of light [13] and the light-driven dynamics of atoms in
optical fibers [14]. The MP theory accounts not only the
optical force, but also elastic forces between the atoms,
which are displaced from their equilibrium positions by
the optical force. Both these forces can be treated on
equal footing in the dynamical equation of the medium
enabling optoelastic continuum dynamics (OCD) simu-
lations of the motion of atoms [10].
As the shift of atoms with the light-driven MDW is a
classical mechanical quantity, it must be experimentally
verifiable. Therefore, the MP theory provides a comple-
mentary approach to discover the momentum and angu-
lar momentum of light in different media. Thus, it may
revive interest in experimental studies of the Abraham-
Minkowski controversy [15–27] and its relation to angular
momentum transfer of light [28–32] in the presence of di-
electric media.
In this work, we present the derivation of the MP the-
ory directly from the principle of least action in the case
of nondispersive transparent media. Complementary to
the proof of the Lorentz covariance of the MP theory of
light presented in Ref. [12], the present work provides
a solid classical field-theoretical basis for the MP the-
ory. We show that the well-known physically intuitive
Lagrangian densities of the field and the medium lead to
intrinsic coupling of the Maxwell’s equations of the field
and Newton’s equation of motion of the medium under
the influence of the optical force. From these dynamical
equations, we also derive the field and the medium parts
of the total SEM tensor of the coupled system, which are
in full agreement with the first-order approximations of
these tensors presented in our previous work [12]. While
our previous work was based on taking the electromag-
netic energy and momentum densities as given and ne-
glected the extremely small kinetic energy of atoms re-
sulting from the optical force, in the present work, we ex-
actly describe how small part of the total energy of light
is carried as the kinetic energy of atoms. We also show
that the field’s share of the total energy of light is cor-
respondingly reduced. The optical force density emerges
from the Euler-Lagrange equations without further pos-
tulates and becomes equal to the conventional Abraham
force. Thus, our work also presents an ab initio deriva-
tion of the Abraham force.
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2The present work is organized as follows: Section II
presents the action principle and the Lagrangian den-
sities of the field and the medium parts of the coupled
dynamical system. We pay particular attention on the as-
sumptions made on the Lagrangian densities. In Sec. III,
we write the Euler-Lagrange equations both for the elec-
tromagnetic field and the medium. This is followed by
the formulation of the SEM tensors of the field and the
medium in the laboratory frame in the MP theory of light
in Sec. IV. The SEM tensors are then generalized for an
arbitrary inertial frame in Sec. V. In Sec. VI, we present
an exact simultaneous solution of Maxwell’s equations
of the field and Newton’s equation of the medium for a
Gaussian plane wave pulse in a nondispersive medium.
Brief comparison with our previous works is presented
in Sec. VII. Finally, conclusions are drawn in Sec. VIII.
Throughout our work, we include ample mathematical
details of the derivations and, in the appendix, we present
selected concepts of the special theory of relativity to fa-
cilitate the reading of our paper for less theoretical read-
ers.
II. ACTION PRINCIPLE AND THE
LAGRANGIAN DENSITY OF THE COUPLED
FIELD-MEDIUM SYSTEM
Following our previous work [12], we assume a ho-
mogeneous medium where material interfaces are not
present. For simplicity, we also assume that the mate-
rial is nondispersive, optically linear, and that there are
no free charges and currents. The medium is also as-
sumed to be lossless so that we neglect any optical ab-
sorption, but also any strain energies that are left in the
medium by the light wave. The strain energies and elas-
tic waves are known to be important in the description of
the relaxation dynamics of the atomic displacements in
the medium caused by the optical force [10, 11, 14], but
they are vanishingly small in comparison with the field
energy. In realistic materials, the elastic energy density
is also small with respect to the kinetic energy of atoms
[10], and its negligence in the present work is effectively
the same as the assumption of a medium for which the
elastic constants are approximated to be zero. It is ob-
vious that the description of elastic energies could be
added in the present analysis, but this is left as a topic
for future work. Even with these assumptions, the theory
covers a broad range of optical phenomena and related
applications in transparent materials. In a slightly more
complex form, our concepts can be extended to account
for optical absorption and dispersion.
Our approximations are mainly the same as those in
our previous work [12] with one exception. In our pre-
vious work, we assumed that the dynamical variables
of the medium do not appear in the field part of the
SEM tensor. In contrast, in the present work we ac-
count for the exact dependence of the Lagrangian density
of the field on the four-velocity of the medium. There-
fore, the present formulation of the MP theory of light
is more general as it accounts for the kinetic energy of
the MDW atoms, which have a small but nonzero veloc-
ity resulting from the optical force. We know from the
previous OCD simulations [10] that the kinetic energy of
the MDW atoms resulting from the optical force is ex-
tremely small, although not exactly zero. Accounting for
the four-velocity dependence of the Lagrangian density of
the field allows us to analyze the dynamics of the action
and the counteraction between the electromagnetic field
and the medium through the optical force. Discussion
of the specific terms that we include in the Lagrangian
densities is presented in Sec. II A below.
A. Action principle and the Lagrangian densities
The Lagrangian formulation of the dynamics of the
particles and fields is based on the principle of least ac-
tion. This principle is defined by the statement that, for
each system of particles and fields, there exists an action
integral S, which obtains a minimum value for the true
dynamics of the system, i.e., the variation δS is zero.
In terms of the Lagrangian density L of the system, the
space-time action integral is written as [33, 34]
S =
∫
L√−g d4x, (1)
where g is the determinant of the metric tensor.
In the present work, we study mass density pertur-
bations of the medium generated by the optical force
density associated with electromagnetic waves. How-
ever, these mass density perturbations are extremely
small so that we can safely neglect any gravitational ef-
fects when describing the propagation of light at non-
cosmological distance scales. Therefore, throughout the
present work, we use the Minkowski metric tensor gαβ =
diag(1,−1,−1,−1), for which g = −1. Related to this,
we neglect the well-known gravitational part Lgrav =
− 12κR and the cosmological constant part Lcosm = 1κΛc
of the Lagrangian density, where R is the Ricci scalar,
Λc is the cosmological constant, and κ = 8piG/c
2 is the
Einstein constant, in which G is the gravitational con-
stant and c is the speed of light in vacuum. Since we
assume that the medium is nondispersive and that there
are no free charges and currents, we neglect the explicit
interaction part Lint = −AαJα of the Lagrangian den-
sity, where Aα is the electromagnetic four-potential and
Jα is the free electric four-current density.
With the assumptions above, we can write the La-
grangian density L of the coupled system of the electro-
magnetic field and the medium in an arbitrary inertial
frame as a sum
L = Lfield + Lmat. (2)
The well-known Lagrangian density Lfield of the electro-
magnetic field and the Lagrangian density Lmat of the
3medium are given by [35–38]
Lfield(∂νAµ, Uµ) = −1
4
FµνDµν , (3)
Lmat(Uµ) = ρ0c
√
UµUµ. (4)
Here Fµν is the electromagnetic field tensor, Dµν is
the electromagnetic displacement tensor, ρ0 is the un-
perturbed rest mass density of the medium, and Uµ is
the four-velocity of the medium. The Greek indices
range from 0 to 3 corresponding to the four components
(ct, x, y, z) of the Minkowski space-time. Below, in this
work, the Latin indices i and j range from 1 to 3 corre-
sponding to the three spatial components. Throughout
the present work, we assume summation over repeated
indices.
Since there is no direct coupling term in the total La-
grangian density in Eq. (2), the coupling of the field
and the medium must be indirectly included in the La-
grangian densities in Eqs. (3) and (4). This indirect cou-
pling takes place through the four-velocity dependence of
these Lagrangian densities as will be described below.
B. Relation to previous Lagrangian formulations
The Lagrangian densities of the electromagnetic field
and the medium in Eqs. (3) and (4) are both well known.
However, in previous works, it is commonly assumed that
the electromagnetic waves are not driving the medium
when free charges and currents are absent. Thus, the
four-velocity of the medium has been assumed as con-
stant in an arbitrary inertial frame and zero in the labo-
ratory frame, where the medium is assumed to be at rest
before the arrival of electromagnetic waves. Accordingly,
there has not been coupling between the well-known La-
grangian densities of the field and the medium in earlier
works. Instead, one has typically tried to describe the in-
teraction of the field and the medium with more complex
heuristic Lagrangian densities to account for the medium
part of the Lagrangian density [39–41]. When we con-
sider the influence of the optical force on the medium,
the four-velocity of the medium is not generally constant
but dynamically coupled to the values of the electric and
magnetic fields through the space- and time-dependent
optical force. The goal of the present work is to present
the Lagrangian formalism of the coupled dynamics of the
field and the medium starting from the well-known La-
grangian densities of the subsystems in Eqs. (3) and (4).
Note that we do not assume any apriori form of the op-
tical force.
The field and the medium parts of the Lagrangian den-
sity are indirectly coupled to each other by the polar-
ization and magnetization fields and the related optical
force, which perturbs the mass density of the medium
[10]. This coupling is indirect as the total Lagrangian
density of the coupled system of the field and the medium
in Eq. (2) does not contain a separate term to describe
this coupling. Due to the coupling of the field and the
medium through the four-velocity of the medium and the
related optical force, the field and medium parts of the
Lagrangian density in Eqs. (3)–(4) cannot be considered
as Lagrangian densities of two separate isolated systems.
The kinetic energy of atoms depends on the work done
on them by the optical force. Thus, it is associated with
the reduction of the field energy from its value in the
case that the medium atoms would stay at rest. The
four-velocity dependence of the Lagrangian density of
the field, which leads to this indirect coupling of the
Lagrangian densities, is described in detail in Sec. II D
below.
To schematically account for the field-medium cou-
pling, the authors of some previous works [42–44] have
defined the so called electromagnetic Gordon metric in
the medium. However, this approach is well known to
lead to artificial gravitational fields that are not physi-
cally true in the sense of the general theory of relativity
[42]. This has also been briefly discussed in our previous
work [12]. Extensive review of previous efforts to account
for the field-medium coupling is beyond the present work.
C. Four-velocity, four-potential, and the
electromagnetic field and displacement tensors
In this subsection we briefly review the fundamen-
tal quantities of the space-time needed in the present
work. These relations can be found in common text-
books [45]. The four-velocity Uµ of the medium is
given by Uµ = ddτX
µ = (γc, γvxa , γv
y
a , γv
z
a), where X
µ
is the position four-vector of the medium element, vxa ,
vya , and v
z
a are components of the three-velocity vector
va = v
i
aei with length va = |va| and unit vectors ei, and
γ = 1/
√
1− v2a/c2 is the Lorentz factor. The position
four-vector of the medium element can be given as a func-
tion of the proper time τ as Xµ = [ct(τ), x(τ), y(τ), z(τ)].
The four-potential can be given in terms of the scalar
potential φ and the vector potential A as Aα = (φ/c,A).
In terms of the four-potential, the covariant form of the
electromagnetic field tensor Fαβ is given by [33, 46]
Fαβ = ∂αAβ − ∂βAα. (5)
In the contravariant matrix form, the electromagnetic
field tensor Fαβ can be written in Cartesian coordinates
in terms of the x, y, and z components of the electric
field E and the magnetic flux density B as [33, 46]
Fαβ =
 0 −Ex/c −Ey/c −Ez/cEx/c 0 −Bz ByEy/c Bz 0 −Bx
Ez/c −By Bx 0
 . (6)
This tensor is manifestly antisymmetric as it satisfies
Fαβ = −F βα. The contravariant form of the electro-
magnetic displacement tensor Dαβ , which combines the
4electric flux density D and the magnetic field H, is given
by [36]
Dαβ =
 0 −Dxc −Dyc −DzcDxc 0 −Hz HyDyc Hz 0 −Hx
Dzc −Hy Hx 0
 . (7)
Like the electromagnetic field tensor in Eq. (6), the elec-
tromagnetic displacement tensor in Eq. (7) is also anti-
symmetric satisfying Dαβ = −Dβα. The four-velocity
and four-potential dependencies of the electromagnetic
displacement tensor are described in Sec. II D below.
In the following derivations, we also use the Lorentz
transformation matrix Λαβ corresponding to the atomic
velocity va. Denoting n = va/va, the Lorentz boost Λ
α
β
can be written in the matrix form as
Λαβ =
[
γ −γ vac nT−γ vac n I+ (γ − 1)n⊗ n
]
. (8)
The expression of Λαβ in terms of the spatial four-
velocity components is obtained with substitutions via =
U i/
√
1 + u2/c2, where u = |U iei|.
D. Electromagnetic constitutive relations
In this work, we consider propagation of light in a
nondispersive isotropic medium. In the absence of light,
the medium is assumed to be at rest in the laboratory
frame (L frame) excluding the possible thermal motion
of atoms. When the optical force is present, the medium
is generally put into position- and time-dependent mo-
tion in the L frame. We define the proper frame as a
frame that is attached to the medium element. Thus,
the proper frame is not an inertial frame. However, at
every point of space there is for every instance of time
a separate local inertial frame (A frame) comoving with
the velocity of atoms with respect to the L frame. Since
the formula of the optical force is unknown for the mo-
ment, the four-velocity of atoms due to the optical force
is also unknown. The four-velocity of the medium is only
obtained at a later stage as a result of the simultaneous
solution of the Euler-Lagrange equations of the field and
the medium. Note that, in contrast to the proper frame,
the A frame is not attached to the pertinent medium ele-
ment, and therefore, is not subject to acceleration. This
momentarily comoving inertial frame is in common use
in the theory of relativity. In addition, we define the
general inertial frame (G frame) as an arbitrary iner-
tial frame that is generally in motion with respect to the
medium.
1. A frame
We start by using the conventional constitutive rela-
tions in the A frame. These relations are given by [35, 46]
D(A) = ε(A)E(A), B(A) = µ(A)H(A), (9)
where ε(A) and µ(A) are the proper permittivity and per-
meability of the medium (i.e., defined in the A frame,
where the medium element is momentarily at rest). The
experimental permittivities and permeabilities given in
the literature are based on the L frame measurements.
These experimentally measured values become exactly
equal to the proper material parameter values only at
the weak field limit. For transparent solids, e.g, single-
crystal silicon, the atomic velocities in the MDW are so
small for all field strengths below the irradiation damage
threshold that the difference between the L frame permit-
tivities and permeabilities and the proper permittivities
and permeabilities is certainly beyond the accuracy of the
experimental measurements. The difference between the
L frame and proper values of the permittivity and per-
meability is, however, theoretically extremely important
as will become evident later in this work.
Using the constitutive relations in the A frame in
Eq. (9), we obtain the relation between the electromag-
netic field and displacement tensors in the A frame as
(D(A))αβ = 1
µ(A)
(d(A))αµ(F
(A))µν(d(A))νβ (10)
where (d(A))αβ = diag[(n
(A))2,−1,−1,−1] is a diagonal
matrix, in which n(A) = c
√
ε(A)µ(A) is the proper refrac-
tive index of the medium.
2. G frame
It is not practical to develop the Lagrangian formu-
lation in the local inertial frame A. Instead, we de-
rive the dynamical equations in the G frame to make
their Lorentz covariance transparent. Therefore, we next
present the relation of the tensors Fµν and Dαβ in the
G frame. In the following, the non-labeled tensors and
four-vectors are given in the G frame (except in Sec. IV,
where we, for convenience, use no label for these quan-
tities in the L frame). Using the Lorentz boost Λαβ
from the general inertial frame to the A frame, given
in Eq. (8), we obtain Dαβ = gαχΛµχ(D(A))µνΛνλgλβ and
(F (A))αβ = Λαγg
γµFµνg
νλΛβλ. Here the metric tensor
gαβ is only used for additionally raising and lowering ten-
sor indices. Combining the two tensor transformations
above with Eq. (10), we then obtain
Dαβ = 1
µ(A)
hαµFµνh
νβ . (11)
Here hαµ = gαχΛλχ(d
(A))λγΛ
γ
δg
δµ is a symmetrix ma-
trix that is formed from the Lorentz boosts, the metric
5tensor, and the diagonal matrix (d(A))αβ . Using the defi-
nitions of the mentioned quantities above, one then finds
an explicit expression of hαβ in terms of the components
of the four-velocity of the medium as
hαβ = gαβ +
(n(A))2 − 1
c2
UαUβ . (12)
Also, note that the definitions of Fαβ and Dαβ in
Eqs. (5) and (11) and the constitutive relations of the
A frame in Eq. (9) can be used to derive the generalized
form of the constitutive relations for the G frame. These
generalized constitutive relations, given by DαβUβ =
c2ε(A)FαβUβ and ?DαβUβ = 1µ(A) ? FαβUβ , where ? de-
notes the Hodge dual [35], are well known and in agree-
ment with our Eqs. (11) and (12).
3. L frame
Instead of using the constitutive relations in Eq. (9)
in the A frame, it would be tempting to use these
relations in the L frame as D(L) = ε(L)E(L) and
B(L) = µ(L)H(L), where ε(L) and µ(L) are the permit-
tivity and permeability in the L frame. Then, we would
have (D(L))αβ = 1µ(L) (d(L))αµ(F (L))µν(d(L))νβ , where
(d(L))αβ = diag[(n
(L))2,−1,−1,−1] is a diagonal ma-
trix and n(L) = c
√
ε(L)µ(L) is the refractive index of
the medium in the L frame. In these relations, the de-
pendence on the four-velocity of the medium is only im-
plicitly present through the material parameters of the
L frame, which are related to the material parameters of
the A frame as presented in Appendix A. The implicit de-
pendence of the material parameters on the four-velocity
of the medium is not convenient regarding the deriva-
tion of the dynamical equations of the medium. Thus,
in the present work, we use the expression of Dαβ in
Eq. (11), where the four-velocity dependence is explic-
itly present through Eq. (12). The two approaches are,
however, equivalent.
III. EULER-LAGRANGE EQUATIONS
A. Euler-Lagrange equations for the medium
Next, we derive the dynamical equations of the
medium in the G frame. Keeping the four-potential and
the proper permittivity and permeability constant and
varying the action in Eq. (1) with respect to the posi-
tion four-vector of the medium element gives the Euler-
Lagrange equations as
∂L
∂Xα
− d
dτ
( ∂L
∂Uα
)
= 0. (13)
Using the Lagrangian densities of the electromagnetic
field and the medium, given in Eqs. (3) and (4), we obtain
the following relations
∂Lfield
∂Xα
= 0,
∂Lmat
∂Xα
= 0,
∂Lmat
∂Uα
= ρ0U
α,
∂Lfield
∂Uα
= − 1
γc
|(F iµDµ0 −DiµFµ0)ei|
|U jej | U
α
=
−
1
γc (F
α
µDµ0 −DαµFµ0), for α = 1, 2, 3,
− 1γc
|(F iµDµ0−DiµFµ0)ei|
|Ujej | U
α, for α = 0.
(14)
Unlike most four-vectors, the four-velocity Uα has only
three independent components instead of four. This fol-
lows from the fact that the time component, γc, is a func-
tion of the space components. Therefore, the mentioned
dependence between the four-velocity components must
be accounted for when differentiating the Lagrangian
densities with respect to Uα to obtain the results in
Eq. (14). However, note that when the four-velocity is
multiplied with ρ0, which is a Lorentz scalar, we get the
Lagrangian momentum density four-vector Pµ = ρ0U
µ,
which has four independent components. Thus, effec-
tively the time component, γc, combines with ρ0 to make
the fourth independent component.
In the Lagrangian density of the medium, ρ0 and U
α
are not independent as described above. To obtain the
expression of ∂Lmat/∂Uα in Eq. (14), this fact can be cir-
cumvented by utilizing the Lagrangian momentum den-
sity four-vector Pµ = ρ0U
µ. Then the Lagrangian den-
sity of the medium can be written as Lmat = c
√
PµPµ
[38]. Thus, ∂Lmat/∂Uα = (∂Lmat/∂Pβ)(∂Pβ/∂Uα),
and using the relations ∂Lmat/∂Pβ = cP β/
√
PµPµ =
Uβ and ∂Pβ/∂Uα = ρ0δ
α
β , we then obtain the result
∂Lmat/∂Uα = ρ0Uα as given in Eq. (14).
The derivation of ∂Lfield/∂Uα in Eq. (14) is techni-
cal, but still straightforward using the relations given in
the sections above. For the spatial four-velocity compo-
nents, the expression of ∂Lfield/∂Ui is obtained by using
the definition of Dαβ in terms of hαβ , given in Eq. (11),
and the expression of hαβ , given in Eq. (12). Due to the
fact that the four-velocity has only three independent
components as discussed above, in this calculation, the
time component of the four-velocity must be presented
as a function of the space components as U0 =
√
c2 + u2.
For the temporal four-velocity component, the expres-
sion for ∂Lfield/∂U0 is obtained from the chain rule as
∂Lfield/∂U0 = (∂Lfield/∂u)(∂u/∂U0).
Thus, using the derivatives of the Lagrangian densities
in Eq. (14), the Euler-Lagrange equations in Eq. (13) can
be written as
d
dτ
(ρ0U
α) = − d
dτ
(∂Lfield
∂Uα
)
, (15)
Since the left hand side of Eq. (15) is the time derivative
of the momentum density of the medium and the right
hand is the force density due to the fields, Eq. (15) is
6essentially Newton’s equation of motion for the medium
in the presence of field-induced forces.
However, note that the proper time along a timelike
world line of the medium element is, by definition, the
time that is measured by a clock following that world
line. Therefore, the proper time used in Eq. (15) is not
exactly the same as the time measured by an observer
in the L frame, where the medium element is moving
due to the optical force. The same naturally applies to
the general G frame, where the medium element can ad-
ditionally have velocity components independent of the
optical force. Using the well-known relation between the
differentials of the proper time and the coordinate time,
given by dt = γdτ , we can write Newton’s equation of
motion in Eq. (15) in the coordinate form in the G frame
as
γ
d
dt
(ρ(G)0 Uα
γ2
)
= −γ d
dt
(∂Lfield
∂Uα
)
, (16)
Here ρ
(G)
0 = γ
2ρ0 is the unperturbed mass density of the
medium in the G frame, where the unperturbed rest mass
density ρ0 = ρ
(A)
0 of the A frame is moving. Note that
all unlabeled mass densities throughout this work are de-
fined in the A frame, which is the local rest frame of
the medium. The two γ factors in ρ
(G)
0 originate from
the Lorentz contraction and the kinetic energy of ρ0.
The changes in the instantaneous atomic mass density
of the medium, which follow from the space- and time-
dependent atomic displacements due to the optical force,
are not included in ρ
(G)
0 . Thus, in the special case of
the L frame, ρ
(L)
0 is equal to the rest mass density of
the medium in the absence of the electromagnetic field.
Below, in Secs. IV A and VI, we will present in detail
how ρ
(L)
0 is related to the true perturbed mass density of
the medium, which includes the effects of the atomic dis-
placements by the optical force. Note that the γ factors
are extremely close to unity in the L frame, where the
velocity of atoms is very much smaller than the velocity
of light. However, these factors are still important in the
exact theoretical description.
It is essential to note that the optical force on the right
hand side of Eqs. (15) and (16) describes how the state of
motion of a single medium element changes in the course
of time. Another approach would be to study how the
flow velocity of medium elements passing a fixed spatial
position is changing as a function of time. These two
approaches are well-known as the Lagrangian and Eule-
rian descriptions of the flow velocity field of the medium
[45]. Conservation laws are conveniently expressed in the
Eulerian form. Thus, we transform Eq. (16) into the
equivalent Eulerian form to derive the SEM tensor of the
medium and the related conservation laws. This will be
described in Sec. IV A.
B. Euler-Lagrange equations for the
electromagnetic field
In this section, we briefly review the well-known deriva-
tion of the Maxwell’s equations from the Lagrangian den-
sity in the G frame. Keeping the four-velocity of the
medium and the proper permittivity and permeability
constant and varying the action in Eq. (1) with respect
to the four-potential gives the Euler-Lagrange equations
as [33]
∂L
∂Aµ
− ∂λ
[ ∂L
∂(∂λAµ)
]
= 0. (17)
Using the expressions of the electromagnetic and dis-
placement tensors in terms of the four-potential in
Eqs. (5) and (11), we obtain the well-known relations
∂Lfield
∂Aβ
= 0,
∂Lfield
∂(∂αAβ)
= −Dαβ ,
∂Lmat
∂Aβ
= 0,
∂Lmat
∂(∂αAβ)
= 0. (18)
Using the relations in Eq. (18), the Euler-Lagrange equa-
tions in Eq. (17) can be written as [33]
∂αDαβ = 0. (19)
This is known as the Gauss-Ampere law [36] and it
is written in our case by assuming the absence of free
charges and currents. It is a combination of two of the
four Maxwell’s equations, namely Gauss’s and Ampe`re’s
laws.
For completeness, we also note that the remaining
two Maxwell’s equations, Faraday’s law of induction and
Gauss’s law for magnetism, can be written together as
the Gauss-Faraday law, given by [33]
∂α(
1
2
αβµνFµν) = 0. (20)
Here αβµν is the Levi-Civita symbol. Equation (20)
follows directly from the definition of the electromag-
netic field tensor in terms of the four-potential in Eq. (5)
through the Bianchi identity in the same way as in vac-
uum [33, 47].
The form of Maxwell’s equations derived above is stan-
dard, but these equations are coupled to the dynam-
ical state of the medium via the atomic velocity and
its relation to the permittivity and permeability of the
medium. Thus, the Euler-Lagrange equations of the field
in (17) and the Euler-Lagrange equation of the medium
in Eq. (15) are bi-directionally coupled dynamical equa-
tions. In the general case, these coupled equations can be
solved only numerically to obtain a self-consistent solu-
tion. However, there are some special cases for which the
exact analytical solutions can be obtained, see Sec. VI.
7IV. SEM TENSORS OF THE
ELECTROMAGNETIC FIELD AND THE
MEDIUM IN THE L FRAME
In previous sections, the physics of light is described
by the physical variables of the field and the medium
and their dynamical equations. Next, we formulate the
SEM tensors of the electromagnetic field and the medium
based on the Euler-Lagrange equations of Sec. III.
The conventional definition of the SEM tensor in the
Minkowski space-time is given by [33, 46, 48]
Tαβ =
[
W cGT
cG T
]
=
 W cG
x cGy cGz
cGx T xx T xy T xz
cGy T yx T yy T yz
cGz T zx T zy T zz
 , (21)
where W is the energy density, G = (Gx, Gy, Gz) is the
momentum density, and T is the stress tensor. The stress
tensor components T ij describe the flux of ith component
of linear momentum across the xj surface.
For an isolated system, the SEM tensor serves as a
concise all-in-one presentation of the independent phys-
ical quantities of the system and the related conserva-
tion laws. In terms of the SEM tensor, the conserva-
tion laws of energy, momentum, and angular momentum
in the Minkowski space-time are compactly written as
∂βT
αβ = 0 and Tαβ = T βα [46]. It is also well known
that the total SEM tensor of a closed system is in gen-
eral related to the curvature of the space-time through
Einstein’s field equations.
From the conservation laws above, it follows that the
SEM tensor of a closed system is automatically symmet-
ric. The definition of the SEM tensor in Eq. (21) can also
be used for interacting subsystems. However, the con-
servation laws are not separately fulfilled for subsystems,
and therefore, the SEM tensors of interacting subsystems
do not need to be symmetric. Below, we derive the SEM
tensors of the field and medium subsystems directly from
the Euler-Lagrange equations using the definition of the
SEM tensor in Eq. (21). However, we do not make any
further assumptions on the symmetry of these SEM ten-
sors below.
A. SEM tensor of the medium
In this subsection, we derive the SEM tensor of the
medium in the L frame. The dynamical Euler-Lagrange
equations for the medium were given in the Lagrangian
form in Eqs. (15) and (16) that are equivalent. As dis-
cussed in Sec. III A, these dynamical equations must be
transformed into the Eulerian form to enable writing the
SEM tensor and the related conservation laws.
The coordinate form of the Euler-Lagrange equations
in the G frame, given in Eq. (16), is the starting point
of our derivation in this section. To transform Eq. (16)
into the Eulerian form, we first define two key quantities
of the MP theory of light. These quantities are the true
perturbed rest mass density of the medium denoted by
ρa = ρ
(A)
a and the excess mass density of the medium
in the G frame denoted by ρ
(G)
MDW. The relation of these
quantities to the unperturbed rest mass density ρ0 = ρ
(A)
0
and the four-velocity Uα of the medium is unambiguously
defined in the L frame by the two equations, given by
γ2ρa
dUα
dt
= γ2ρ0
∂Uα
∂t
, (22)
γ2ρa = γ
2ρ0 + ρ
(L)
MDW. (23)
Using Eq. (23), we rewrite the left hand side of the
dynamical equation of the medium in Eq. (16) as
γ
d
dt
(ρ(L)0 Uα
γ2
)
= γ
d(ρaU
α)
dt
− γ d
dt
(ρ(L)MDWUα
γ2
)
= γ2ρa
d2Xα
dt2
+ Uα
d(γρa)
dt
− γ d
dt
(ρ(L)MDWUα
γ2
)
. (24)
In the second equality, we have applied the product rule
of differentiation for the first term.
Correspondingly, the right hand side of Eq. (16) is
rewritten as
− γ d
dt
(∂Lfield
∂Uα
)
= − d
dt
(
γ
∂Lfield
∂Uα
)
+
dγ
dt
∂Lfield
∂Uα
= − ∂
∂t
(
γ
∂Lfield
∂Uα
)
− va · ∇
(
γ
∂Lfield
∂Uα
)
+
dγ
dt
∂Lfield
∂Uα
.
(25)
In the first equality, we have applied the product rule
of differentiation, and in the second equality, we have
used the material derivative obtained via the multivariate
chain rule of the first term.
We next replace the left hand side the of the dynamical
equation of the medium in Eq. (16) by the expression on
the last row of Eq. (24). Correspondingly, we replace the
right hand side of Eq. (16) by the last row of Eq. (25).
Thus, we obtain
γ2ρa
d2Xα
dt2
+ Uα
d(γρa)
dt
− γ d
dt
(ρ(L)MDWUα
γ2
)
= − ∂
∂t
(
γ
∂Lfield
∂Uα
)
− va · ∇
(
γ
∂Lfield
∂Uα
)
+
dγ
dt
∂Lfield
∂Uα
.
(26)
One can show that the sums of the second and third
terms on the left and right hand sides of Eq. (26) are
equal in the special case of the L frame, i.e.,
Uα
d(γρa)
dt
− γ d
dt
(ρ(L)MDWUα
γ2
)
= −va · ∇
(
γ
∂Lfield
∂Uα
)
+
dγ
dt
∂Lfield
∂Uα
. (27)
8This result is obtained as follows. By integrating both
sides of Eq. (15) with respect to proper time and denoting
the integration constants by Cα, we obtain
ρ0U
α +
∂Lfield
∂Uα
= Cα. (28)
In the case of the L frame, where all atomic velocities
result from the optical force, ∂Lfield/∂Uα = 0 for α =
1, 2, 3 in the particular point of the space-time where the
fields are zero. This can be concluded from Eq. (14)
since the field tensors that are made of field components
are zero at this particular point. In this point, the atomic
velocity must also be zero by the definition of the L frame
and we have ρ0U
α = 0 for α = 1, 2, 3. Thus, we must
have Cα = 0 for α = 1, 2, 3, but since Cα are integration
constants, they must be zero everywhere in the space-
time. From Eqs. (14) and (28) and the comparison of
ρ0U
α and ∂Lfield/∂Uα for α = 1, 2, 3, it then follows that
ρ0 =
1
γc
|(F iµDµ0 −DiµFµ0)ei|
|U jej | . (29)
Thus, Eq. (14) gives ∂Lfield/∂U0 = −ρ0U0, and in
Eq. (28) for α = 0, we must have C0 = 0. We then
have Cα = 0 for all α = 0, 1, 2, 3 at every point of the
space-time.
Therefore, in the L frame, we have ∂Lfield/∂Uα =
−ρ0Uα. Using this equation and the definition of the
mass densities ρa and ρ
(L)
MDW, given in Eqs. (22) and (23),
it is then a technical but straightforward task to show
that Eq. (27) is satisfied identically. Using Eq. (27), the
expression of the dynamical equation of the medium in
the L frame in Eq. (26) can then be written as
γ2ρa
d2Xα
dt2
= − ∂
∂t
(
γ
∂Lfield
∂Uα
)
. (30)
This is the Eulerian form of the Lagrangian dynamical
equation of the medium, given in Eq. (16). In the Eu-
lerian form of the optical force on the right hand side
of Eq. (30), there is a partial time derivative in contrast
to the total time derivative in the Lagrangian form in
Eq. (16). This reflects the different views to the flow ve-
locity field of the medium between the Lagrangian and
Eulerian approaches.
In the OCD simulations of our previous works [10,
13, 14], we have solved the dynamical equation of the
medium in Eq. (30) in the limit of small atomic veloci-
ties in the L frame. In this approximation, we set γ = 1,
and also include the elastic forces between the atoms. In
the present work, we neglect the elastic forces, and thus,
the elastic force density is not present in Eq. (30).
To derive the SEM tensor of the medium, we write the
left hand side of Eq. (30) as
γ2ρa
d2Xα
dt2
= γρaU
β∂β(U
α/γ)
= γρaU
β∂β(U
α/γ) + (Uα/γ)∂β(γρaU
β)
= ∂β(ρaU
αUβ), (31)
In the first equality, we have used the well-known iden-
tity γd/dt = d/dτ = Uβ∂β . In the second equality,
we have added the term (Uα/γ)∂β(γρaU
β) that is equal
to zero due to the mass continuity equation, given by
∂β(γρaU
β) = 0. In the final step, we have applied the
product rule of derivatives to combine the two terms.
Thus, the Eulerian dynamical equations of the medium
in the L frame, given in Eq. (30), are rewritten as
∂β(ρaU
αUβ) = − ∂
∂t
(
γ
∂Lfield
∂Uα
)
. (32)
Using the definition of the SEM tensor in Eq. (21), we
can identify, on the left hand side of Eq. (32), the SEM
tensor of the medium (T
(L)
mat)
αβ , which has a particularly
simple symmetric form in the L frame, as
(T
(L)
mat)
αβ = ρaU
αUβ . (33)
The SEM tensor of the medium is symmetric in the L
frame as it is fully determined by the mass density and
the velocity components resulting from the optical force.
The generally asymmetric form of the medium SEM ten-
sor in the G frame is presented in Sec. V.
In Eq. (32), the four-divergence of this SEM tensor of
the medium is equal to the Eulerian form of the optical
force density (f
(L)
opt )
α, given by
(f
(L)
opt )
α = − ∂
∂t
(
γ
∂Lfield
∂Uα
)
=
∂
c∂t
(FαµDµ0 −DαµFµ0)
=
∂
∂t
(
D×B− E×H
c2
)
, (34)
where on the last row we have the well-known expression
of the Abraham force.
The dynamical equation of the medium in Eq. (32) can
be written in a compact form as
∂β(T
(L)
mat)
αβ = (f
(L)
opt )
α. (35)
Thus, the Abraham force follows ab initio from the La-
grangian formulation of the field and the medium dy-
namics in the MP theory of light. In previous optics
literature, the Abraham force is obtained as an ad-hoc
assumption [40, 41] or its derivation has at least required
introduction of additional arguments [49, 50]. The Abra-
ham force is a fundamental element of the physically con-
sistent dynamical coupling of the field and the medium
and it transforms in a form-invariant way between iner-
tial frames as detailed in Ref. [12].
B. SEM tensor of the electromagnetic field
Next, we derive the SEM tensor of the electromagnetic
field in the medium. The beginning of this section fol-
lows the conventional approach presented, e.g., in the
9well-known textbook of Landau and Lifshitz in Ref. [33]
for the fields in vacuum. For light in the medium, the
relation between the tensors Dαβ and Fαβ as given in
Eq. (11) is slightly different from that in vacuum, but this
difference does not influence the first part of our deriva-
tion below. Our first goal is to write a divergenceless
tensor that is made of second-order electric and magnetic
field quantities and that coincides the standard definition
of the SEM tensor of the electromagnatic field in the case
of vacuum. Second, by accounting for the optical force
in Eq. (34), we will write the SEM tensor of the electro-
magnetic field for which the four-divergence is equal to
the optical force, as required by the full consistency with
the dynamical equation of the medium in Eq. (35).
To derive a divergenceless tensor made of second-order
electric and magnetic field quantities, we first express
∂αLfield by using the chain rule as
∂αLfield = ∂Lfield
∂Aµ
∂αAµ +
∂Lfield
∂(∂βAµ)
∂α(∂βAµ). (36)
Substituting the Euler-Lagrange equation in Eq. (17)
into the factor of the first term in Eq. (36), using
∂α∂βAµ = ∂β∂αAµ in the second term, and using
∂αLfield = δβα∂βLfield on the left hand side of Eq. (36)
gives
δβα∂βLfield = ∂β
[ ∂Lfield
∂(∂βAµ)
]
∂αAµ +
∂Lfield
∂(∂βAµ)
∂β(∂αAµ)
= ∂β
[ ∂Lfield
∂(∂βAµ)
∂αAµ
]
. (37)
Using Eq. (18) on the right hand side of Eq. (37), mov-
ing both terms of Eq. (37) on the same side, and using
the expression of the Lagrangian density of the field in
Eq. (3), then gives
∂β
[ ∂Lfield
∂(∂βAµ)
∂αAµ − δβαLfield
]
= ∂β
[
−Dβµ∂αAµ + 1
4
δβαFµνDµν
]
= 0. (38)
It is well-known that adding a tensor of the form
∂µΨ
αβµ, where Ψαβµ satisfies Ψαβµ = −Ψαµβ , to any
tensor does not change the value of the four-divergence
since we have an identity ∂β∂µΨ
αβµ = 0 [33]. In the same
way as made in the case of vacuum in Ref. [33], to make
the tensor, from which the four-divergence is taken in
Eq. (38), gauge invariant, we add ∂µΨ
βµ
α = Dβµ∂µAα
under the four-divergence in Eq. (38). Applying the
Minkowski metric tensor gαν to rise the index α, we can
then write Eq. (38) as
∂β
[
FαµDµβ +
1
4
gαβFµνDµν
]
= 0. (39)
In Eq. (39), we can identify a divergenceless tensor that
is made of second-order electric and magnetic field quan-
tities and that coincides with the standard definition of
the SEM tensor of the electromagnetic field in the case
of vacuum. Thus, we have now achieved the goal of the
first part of our derivation.
We are now ready to introduce the SEM tensor
(T
(L)
field)
αβ of the electromagnetic field in the MP theory
of light. To be in accordance with the law of action and
counteraction and consistent with the dynamical equa-
tion of the medium in Eq. (35), this tensor must satisfy
[12]
∂β(T
(L)
field)
αβ = −∂β(T (L)mat)αβ = −(f (L)opt )α. (40)
The optical force in Eq. (34) can be written as (f
(L)
opt )
α =
∂β [δ
β
0 (F
α
µDµ0−DαµFµ0)]. By subtracting this expression
of the optical force from both sides of Eq. (39) and by
comparing the resulting equation with Eq. (40), we can
then identify the expression of the SEM tensor of the
electromagnetic field, given by
(T
(L)
field)
αβ
= FαµDµβ +
1
4
gαβFµνDµν − δβ0 (FαµDµ0 −DαµFµ0).
(41)
This SEM tensor of the field is found to be equal to the
conventional Abraham SEM tensor. In some previous
works [40, 41], it has been argued that this form of the
Abraham SEM tensor would only be valid in the L frame.
However, in the MP theory of light, the SEM tensor in
Eq. (41) has been shown to be a valid SEM tensor of
the electromagnetic field part of the coupled state of the
field and the medium in an arbitrary inertial frame [12].
Also, note that the tensor under the four-divergence in
Eq. (39) is the conventional Minkowski SEM tensor that
has been discussed in some depth in our previous work
[12].
C. Total SEM tensor of the field and the medium
In previous sections, we derived the electromagnetic
field and the medium parts of the total SEM tensor of
the system. Here, we summarize how these SEM ten-
sor parts constitute the total SEM tensor, which obeys
all conservation laws of energy, momentum, and angular
momentum. The total SEM tensor of the electromag-
netic field and the medium is given by the sum of the
field and the medium parts as
(T
(L)
tot )
αβ = (T
(L)
field)
αβ + (T
(L)
mat)
αβ . (42)
The optical force density appears with different signs
in the dynamical equations of the field and the medium
as dictated by the law of action and counteraction in
Eq. (40). Therefore, the four-divergence of the total SEM
tensor in Eq. (42) is zero as
∂β(T
(L)
tot )
αβ = 0. (43)
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The total SEM tensor in Eq. (42) is also symmetric.
Thus, it fulfills all the conservation laws of energy, mo-
mentum, and angular momentum. Consequently, this
tensor is the total conserved Poincare´ current of the field
and the medium [47]. This is a strong argument for the
ultimate consistency of the MP theory of light.
D. SEM tensor of the coupled MP state of light
In our previous work [12], in addition to the SEM ten-
sor of the field, we investigated in detail only the part
of the medium SEM tensor associated with the atomic
MDW. By definition, the atomic MDW includes only the
dynamics of atoms which represents the difference be-
tween the true and the equilibrium atomic densities of
the medium. Thus, the SEM tensor of the atomic MDW
is only a small part of the total SEM tensor of the medium
and it is equal to the deviation of the total SEM tensor of
the medium from its equilibrium value. The SEM tensor
of the atomic MDW in the MP theory of light is given in
the L frame by [12]
(T
(L)
MDW)
αβ = (T
(L)
mat)
αβ − (T (L)mat,0)αβ , (44)
where (T
(L)
mat,0)
αβ is the SEM tensor of the medium in the
L frame in the absence of the electromagnetic field. Thus,
this tensor is given in terms of the unperturbed rest mass
density ρ
(L)
0 of the medium as (T
(L)
mat,0)
αβ = ρ
(L)
0 c
2δα0 δ
β
0 .
The total SEM tensor of the coupled MP state of light
is given by the sum of the SEM tensors of the electro-
magnetic field and the atomic MDW as [12]
(T
(L)
MP)
αβ = (T
(L)
field)
αβ + (T
(L)
MDW)
αβ . (45)
Since the four-divergence of the second term in Eq. (44)
is zero, it immediately follows from Eqs. (42) and (43)
that the four-divergence of the MP SEM tensor in
Eq. (45) is also zero as
∂β(T
(L)
MP)
αβ = 0. (46)
Since the MP SEM tensor in Eq. (45) is also symmet-
ric, this tensor is the total conserved Poincare´ current of
light. This is a strong argument for the MP SEM ten-
sor to be the unique physically correct SEM tensor of
light. The Lorentz covariance of the MP theory of light
and the related transformation of the SEM tensors be-
tween arbitrary inertial frames are described in Ref. [12].
The Lorentz transformations of the fields and the atomic
MDW quantities are also briefly reviewed in Appendix
B.
V. SEM TENSORS IN THE G FRAME
In previous sections, we have derived the SEM tensors
of the medium and the electromagnetic field in the spe-
cial case of the L frame. In this section, we generalize
the results for the G frame. Using the Lorentz transfor-
mations of the fields and the atomic MDW quantities,
given in Appendix B, the SEM tensors can be trans-
formed from the L frame into an arbitrary inertial frame.
Consequently, the SEM tensor of the atomic MDW is
given in the G frame by
TαβMDW = ρ
(G)
MDWV
α
a V
β
l + ρ
(G)
MDWcδ
β
0 (V
α
l − V αa ), (47)
where we define V αa = U
α/γ = (c, vxa , v
y
a , v
z
a) and V
α
l =
(c, vxl , v
y
l , v
z
l ), in which v
x
l , v
y
l , and v
z
l are components of
the velocity of light. These velocity components of light
can also be obtained from the electric and magnetic fields
as given in Eq. (A1) of Appendix A.
The SEM tensor of the equilibrium mass density of the
medium is well known to be given by
Tαβmat,0 = γ
2
relρ
(L)
0 V
α
relV
β
rel, (48)
where V αrel = (c, v
x
rel, v
y
rel, v
z
rel), in which v
x
rel, v
y
rel, and v
z
rel
are components of the relative velocity of the L frame
with respect to the G frame, and γrel is the corresponding
Lorentz factor.
In agreement with Eq. (44), the total SEM tensor of
the medium is the sum of the SEM tensors in Eqs. (47)
and Eq. (48) as
Tαβmat = γ
2
relρ
(L)
0 V
α
relV
β
rel + ρ
(G)
MDWV
α
a V
β
l
+ ρ
(G)
MDWcδ
β
0 (V
α
l − V αa ). (49)
It is straightforward to check that in the special case
of the L frame, where V αrel = cδ
α
0 , the SEM tensor of
the medium in Eq. (49) is equal to the SEM tensor in
Eq. (33).
In agreement with our previous work [12], the SEM
tensor of the electromagnetic field in the G frame is of
the same form as in the L-frame in Eq. (41). Therefore,
it is given by
Tαβfield = F
α
µDµβ +
1
4
gαβFµνDµν − δβ0 (FαµDµ0 −DαµFµ0).
(50)
The SEM tensor of the MP state of light is the sum of
the SEM tensors in Eqs. (47) and (50) and it becomes
TαβMP = F
α
µDµβ +
1
4
gαβFµνDµν − δβ0 (FαµDµ0 −DαµFµ0)
+ ρ
(G)
MDWV
α
a V
β
l + ρ
(G)
MDWcδ
β
0 (V
α
l − V αa )
= FαµDµβ +
1
4
gαβFµνDµν + ρ(G)MDWV αa V βl , (51)
where the third and fifth terms of the first expression
cancel each other. Correspondingly, the total SEM tensor
of the field and the medium is the sum of the SEM tensors
in Eqs. (49) and (50) and it becomes
Tαβtot = F
α
µDµβ +
1
4
gαβFµνDµν + ρ(G)MDWV αa V βl
+ γ2relρ
(L)
0 V
α
relV
β
rel. (52)
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The only difference between the MP SEM tensor in
Eq. (51) and the total SEM tensor in Eq. (52) is that the
MP SEM tensor excludes the contribution of the equilib-
rium mass density of the medium, which is described by
the SEM tensor in Eq. (48).
The SEM tensors of this section are all form-invariant
between arbitrary inertial frames, i.e., these tensors in
all inertial frames are formed in the same way from the
fields, light and atomic velocities, the space and time
coordinates, and the mass densities that transform ac-
cording to the Lorentz transformation as described in
Appendix B. Note that only Lorentz-covariant second-
rank tensors transform between inertial frames accord-
ing to the matrix equation (T ′)αβ = ΛαµT
µνΛβν . Thus,
the SEM tensor of the atomic MDW in Eq. (47) and the
SEM tensor of the electromagnetic field in Eq. (50) do
not separately satisfy this equation, but this equation is
satisfied for their sum, which is the total MP SEM tensor
of light, given in Eq. (51). The same applies to the field
and medium parts of the total SEM tensor of the system
in Eqs. (49) and (50) and their sum in Eq. (52). In the
present work, other Lorentz-covariant second-rank ten-
sors for which the matrix equation above is satisfied in-
clude the electromagnetic field and displacement tensors
Fαβ and Dαβ in Eqs. (6) and (7) and the SEM tensor of
the equilibrium mass density of the medium in Eq. (48).
The zero four-divergence of the SEM tensor is directly
related to the conservation laws [33, 46], and thus, the
SEM tensors of interacting subsystems, such as the elec-
tromagnetic field and the atomic MDW, do not sepa-
rately satisfy this condition. This conclusion and the
Lorentz covariance of the MP SEM tensor are in full
agreement with the results of our previous work [12].
VI. EXACT SOLUTION OF THE COUPLED
DYNAMICAL EQUATIONS
In this section, we demonstrate the simultaneous so-
lution of the dynamical equations of the field and the
medium by considering a light pulse in the L frame. The
following example Gaussian light pulse, including both
the field and the associated atomic MDW, was found to
simultaneously fulfill the Euler-Lagrange equations of the
field and the medium, given in Eqs. (13) and (17). The
pertinent Euler-Lagrange equations lead to the Gauss-
Ampere law in Eq. (19) for the field and to the Newto-
nian equation of the medium, given in Eq. (30), with the
optical force, given in Eq. (34). Note that the form of
Maxwell’s equations is standard, but these equations are
through the permittivity and permeability of the medium
coupled to the dynamical state of the medium via the
atomic velocity va. See the comments at the end of
Sec. III B.
The simultaneous field-medium solution of the Euler-
Lagrange equations was found heuristically and with
some experimenting. The solution is presented through
Eqs. (53) and (54) and the reader can directly verify that
the solution fulfills the dynamical equations in Eq. (19)
and (30). The reader can also use the solution of the cou-
pled state to calculate the SEM tensors for the field and
the medium and the total SEM tensor of the light pulse.
One can also study the covariance and the divergence
properties of the SEM tensors to verify that the results
are consistent with the results of our previous paper [12].
Finally, below, we also quantitatively demonstrate the
small magnitude of the kinetic energy density carried by
the medium when a short 1-µJ Gaussian pulse is propa-
gating in a silicon crystal.
A. Electric and magnetic fields
As an example, we take the sinusoidal electric field
E(L)(z, t) of a Gaussian plane wave pulse in the L frame
of a nondispersive medium, which is given by
E(L)(z, t)
= ω
(L)
0 E sin[k(L)(z − ct/n(L))]e−(∆k
(L))2(z−ct/n(L))2/2xˆ.
(53)
In Eq. (53), ω
(L)
0 is the central angular frequency, k
(L) =
n(L)ω
(L)
0 /c is the wave vector, ∆k
(L) = n(L)∆ω
(L)
0 /c is the
standard deviation of k(L), ∆ω
(L)
0 is the spectral width,
and E is the normalization constant. The central angular
frequency ω
(L)
0 of the L frame is related to the angular fre-
quency ω
(A)
0 in the A frame by the well-known relativistic
Doppler shift, ω
(A)
0 = γ(1−n(L)va/c)ω(L)0 . The refractive
index n(L) of the L frame is related to the proper refrac-
tive index n(A), defined in the A frame, by the relativistic
velocity addition formula as described in Appendix A.
In the following, we keep the expression of the elec-
tric field in Eq. (53) as fixed and derive analytic expres-
sions for the fields B(L), D(L), and H(L) and the dynam-
ical variables of the medium. The magnetic flux density
B(L) = n(L)zˆ × E(L)/c follows directly from Faraday’s
law. Once we know the electric field E(L) and the mag-
netic flux density B(L), we can express the electromag-
netic field tensor Fαβ in terms of these fields as presented
in Eq. (6). After this, we can write the electromagnetic
displacement tensor Dαβ by using Eq. (11), where the
atomic velocity v
(L)
a in the matrix hαβ is unknown at this
stage. We find that the fields D(L) and H(L) are given
in terms of the fields E(L) and B(L) as D(L) = ε(L)E(L)
and B(L) = µ(L)H(L), where the permittivity ε(L) and
the permeability µ(L) of the L frame are related to the
proper permittivity and permeability as detailed in Ap-
pendix A. If the material is exactly nondispersive, n(L)
must be constant so that all frequency components prop-
agate with equal velocity v
(L)
l = (c/n
(L))zˆ. Correspond-
ingly, in this section, we assume that ε(L) and µ(L) are
constants.
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B. Atomic velocity
The fields E(L), B(L), D(L), and H(L) as presented
above automatically satisfy all Maxwell’s equations inde-
pendently of the atomic velocity. This follows from the
relations between the fields above, in which the atomic
velocity is only implicitly present through the transfor-
mations of the material parameters ε(L), µ(L), and n(L).
In spite of this, the atomic velocity in the L frame be-
comes unambiguously determined by Newton’s equation
of motion for the medium that depends on the opti-
cal force as described in Secs. III A and IV A. In the L
frame, the atomic velocity has no components indepen-
dent of the optical force. Thus, the atomic velocity can
be uniquely solved by using Eq. (28), where the right
hand side is zero for the L frame.
By taking the expression of the derivative of the La-
grangian density of the field in Eq. (14) and expressing
the four-velocity and the Lorentz factor in terms of the
atomic velocity v
(L)
a , we find that the atomic velocity is
given by
v(L)a =
(
n(L) − 1
n(L)
)ε(L)|E(L)|2
ρ
(L)
0 c
zˆ. (54)
The time component of Eq. (28) is satisfied identically
with the velocity components in Eq. (54), which were ob-
tained from the space components of Eq. (28). This is as
expected since the three-velocity components determine
both the time and space components of the four-velocity.
C. Disturbed mass density of the medium
The true disturbed atomic rest mass density ρa and the
mass density ρ
(L)
MDW of the atomic MDW can be uniquely
solved from the energy and momentum density relations
of the SEM tensors of the medium and the atomic MDW.
Based on Eq. (44), we know that the total energy density
of the atomic MDW is given by
W
(L)
MDW = ρ
(L)
MDWc
2 = γ2ρac
2 − ρ(L)0 c2. (55)
The corresponding total momentum density of the MDW
is given by
G
(L)
MDW = ρ
(L)
MDWv
(L)
l = γ
2ρav
(L)
a . (56)
From these two equations, we find that the mass den-
sity of the atomic MDW and the true disturbed rest mass
density of the medium are given by
ρ
(L)
MDW =
n(A)n(L) − 1
c2
ε(L)|E(L)|2, (57)
ρa =
ρ
(L)
0 + ρ
(L)
MDW
γ2
. (58)
Note that the proper refractive index n(A) in Eq. (57) is
given in terms of the L-frame quantities as presented in
Appendix A.
D. Energy and momentum densities of the field
and the MDW
Energy and momentum densities of the atomic MDW
corresponding to the results of the previous subsection
are given in the L frame by
W
(L)
MDW = (n
(A)n(L) − 1)ε(L)|E(L)|2, (59)
G
(L)
MDW =
(
n(A) − 1
n(L)
)ε(L)|E(L)|2
c
zˆ. (60)
The energy and momentum densities of the electromag-
netic field are given correspondingly by
W
(L)
field = ε
(L)|E(L)|2, (61)
G
(L)
field =
ε(L)|E(L)|2
n(L)c
zˆ. (62)
Thus, the total energy and momentum densities of the
coupled MP state of the electromagnetic field and the
atomic MDW are given by
W
(L)
MP = n
(A)n(L)ε(L)|E(L)|2, (63)
G
(L)
MP = n
(A) ε
(L)|E(L)|2
c
zˆ. (64)
E. Energy densities of the field and the medium in
silicon
To illustrate our solution of the coupled dynamical
equations, we plot the position dependence of the total
energy density of the atomic MDW, the energy density of
the electromagnetic field, and the kinetic energy density
of the atomic MDW for an example Gaussian pulse using
realistic material parameters of silicon. In the present il-
lustration, we neglect the material dispersion. The plots
in linear and logarithmic scales are presented in Fig. 1.
In our example, the angular frequency of the field is
ω(L) = 2pic/λ
(L)
0 , where λ
(L)
0 is the vacuum wavelength
λ
(L)
0 = 1550 nm. For this wavelength, the refractive in-
dex, permittivity, and permeability of silicon are n(L) =
3.4757, ε(L) = ε0(n
(L))2, µ(L) = µ0 [51]. For the relative
spectral width, we use the value ∆k
(L)
0 /k
(L)
0 = 0.05. The
mass density of silicon is taken to be ρ
(L)
0 = 2329 kg/m
3
[52]. The normalization constant E0 is determined so
that the total electromagnetic energy of the pulse in the
L frame is 1 µJ per circular cross-sectional area of diam-
eter 4 µm.
Figure 1(a) shows the total energy density of the
atomic MDW, the energy density of the electromagnetic
field, and the kinetic energy density of the atomic MDW
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FIG. 1. Total energy density WMDW of the atomic MDW, the energy density Wfield of the electromagnetic field, and the kinetic
energy density Wkin of the atomic MDW for a Gaussian plane wave pulse in silicon plotted in (a) linear and (b) logarithmic
scale as a function of the position when the pulse center is at z = 0 µm. The wavelength is λ
(L)
0 = 1550 nm and the total
electromagnetic energy of the pulse is 1 µJ per circular cross-sectional area of diameter 4 µm. As shown in our previous works
[10], the total energy density of the MP state of light is dominated by the rest energy density of the MDW. In contrast to our
earlier works, the kinetic energy Wkin of atoms is calculated exactly in this figure. It is invisible in the linear scale (a), where
the WMDW line is almost entirely due to the rest energy component, but can be made visible in the logarithmic scale (b).
as a function of the position in linear scale. Under the
Gaussian envelope, the functional form of the energy den-
sity of the electromagnetic field is perfectly sinusoidal as
a consequence of the fact that the sinusoidal electric field
in Eq. (53) was taken as given. The energy density of
the atomic MDW consists mainly of the excess rest en-
ergy of the disturbed mass density of the medium. This
energy density is also closely sinusoidal. According to
Eq. (59), the total energy density of the atomic MDW is
equal to the energy density of the electromagnetic field
multiplied by a factor n(A)n(L)−1. This factor is approx-
imatively constant as n(A) ≈ n(L) applies very accurately
due to the large mass energy density of silicon in com-
parison with the energy density of the electromagnetic
field. The kinetic energy density of atoms is equal to
Wkin = (γ − 1)γρac2 ≈ 12ρ(L)0 |v(L)a |2. This kinetic energy
of atoms is not visible in the linear scale of Fig. 1(a) due
to its extreme smallness.
Figure 1(b) presents the quantities of Fig. 1(a) in the
logarithmic scale to make the very small kinetic energy
density of silicon atoms visible in the same graph with
the larger energy density of the electromagnetic field and
the mass energy density of the atomic MDW. It is seen
that, in our example, the kinetic energy density of atoms
is roughly eight orders of magnitude smaller than the
energy density of the electromagnetic field. Thus, its
effects are negligible in common laboratory experiments
and photonics technologies.
VII. COMPARISON WITH THE ZERO
KINETIC ENERY LIMIT OF THE MP
In our previous works, we have effectively made an
approximation that the terms, which are of the second
order in the velocity of atoms, are zero. In this approx-
imation, the total momentum density of light in the L
frame becomes proportional to the phase refractive in-
dex n(L) as described in Ref. [10]. In contrast, in the
present work, where the small kinetic energy terms of
atoms have been accounted for, the total momentum den-
sity of light is proportional to the proper refractive index
n(A). Thus, there is an extremely small difference be-
tween the total momentum density of the MP state of
light in the L frame and the Minkowski momentum den-
sity G
(L)
M = D
(L) × B(L) that is proportional to n(L).
This result differs from the total momentum density of
the coupled MP state of light in the L frame as presented
in our previous works, where we effectively assumed that
n(A) is exactly equal to n(L). The equality between the
Minkowski and MP momentum densities applies exactly
in the A frame, where the local atomic velocity is zero.
However, since the atomic velocity is extremely small in
the L frame of realistic materials, the difference of n(L)
and n(A) is also extremely small.
In the limit of large atomic mass density of the
medium, when va → 0 and n(A) → n(L), the energy
and momentum densities in Eqs. (59)–(64) are in full
agreement with the approximations that we have used
in our previous works [10, 12]. The MP SEM tensor
then obtains in the L frame exactly the same form as
given in Eq. (B4) in Appendix B of our original work
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in Ref. [10]. In the OCD simulations of our previous
works [10, 11, 13], these approximations have been veri-
fied within the numerical accuracy of 7 digits. However,
one must remember that both the numerical accuracy
and the approximation n(A) = n(L) are much more accu-
rate than the approximation of a nondispersive medium
for any realistic material.
VIII. CONCLUSIONS
In conclusion, we have presented the Lagrangian for-
mulation of the MP theory of light. Starting from
the well-known Lagrangian densities of the field and
the medium, the present work provides a solid field-
theoretical foundation for the description of propagation
of light in a medium. We have shown starting from the
known Lagrangian densities how the optical force obtains
ab initio an unambiguous expression that couples the dy-
namics of the medium to the dynamics of the electromag-
netic field. Thus, our work presents the derivation of the
Abraham force from the first principles. Accordingly, the
atomic MDW arises from the perturbation of the mass
density of the medium under the influence of the optical
force. The atomic mass density and the atomic veloc-
ity of the MDW satisfy the Newtonian equation of mo-
tion. This contrasts to the conventional theories of the
propagation of light in a medium, where the effects of
the optical force density on the dynamical state of the
nondispersive medium are neglected. If the optical force
and the resulting atomic MDW are neglected, the con-
servation laws of the total SEM tensor of the coupled
state of the field and the medium become unavoidably
violated. This is a strong argument for the MP theory of
light to be the unique physically correct theory of light
in a medium.
The Euler-Lagrange equations of the field and the
medium include implicit symmetric bi-directional cou-
pling of the subsystems that fulfills the law of action and
counteraction. We have been able to demonstrate for
a Gaussian light pulse the exact analytical solutions of
the coupled dynamical equations for both the field and
the medium. The mathematical methods developed to
describe this bi-directionally coupled dynamical system
may find applications far outside the present problem.
We have also presented exact mathematical treatment
of the kinetic energy of the MDW associated with light.
The kinetic energy of the MDW is extremely small for
light pulses having field intensities below the irradiation
damage threshold of realistic materials. In contrast, the
rest energy of atoms moving with the MDW gives rise to
large energy flux in a transparent solid, such as silicon,
as demonstrated in Fig. 1.
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Appendix A: Relation of material parameters in the
A frame and in the L frame
In this section, we describe the transformations of ma-
terial parameters between the A frame and the L frame.
First, we note that in the general inertial frame, G frame,
the local velocity of light is presented in terms of the field
quantities by the well-known relation as [37]
vl =
E×H
1
2 (E ·D+H ·B)
. (A1)
The length of this velocity vector of light also defines the
refractive index in the G frame as |vl| = c/n(G). From
the perspective of atoms, there are two special inertial
frames as described in Sec. II D. The first is the A frame,
which is a local inertial frame comoving with the atoms.
The second is the L frame, where the atomic velocity
is zero in the absence of the optical force. Below, we
describe the transformations of material parameters be-
tween these two inertial frames.
The relation of the refractive index n(L) of the L frame
to the proper refractive index n(A), defined in the A
frame, is given by
v
(A)
l = v
(L)
l 	 v(L)a ,
|v(A)l | = c/n(A), |v(L)l | = c/n(L), (A2)
where 	 denotes the relativistic velocity subtraction, de-
fined for two arbitrary velocities v1 and v2 by the con-
ventional relation [46]
v1 	 v2 = 1
1− v1·v2c2
(
v1 − v2,⊥
γ1
− v2,‖
)
. (A3)
Here ‖ and⊥ denote the components parallel and perpen-
dicular to v1, and γ1 is the Lorentz factor corresponding
to v1. Since, in the L frame, the atomic velocities are
driven forward by the optical force that points in the lo-
cal propagation direction of light, vl and va are parallel,
and Eqs. (A2) and (A3) lead to the transformations of
the refractive index, given by
n(A) =
1− v
(L)
a
n(L)c
1
n(L)
− v
(L)
a
c
, n(L) =
1 +
v
(L)
a
n(A)c
1
n(A)
+
v
(L)
a
c
. (A4)
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The relations between the permittivity and permeabil-
ity in the A frame to the corresponding quantities in the
L frame are obtained from the relation of the refractive
indices in Eq. (A4) by using equations n(L) = c
√
µ(L)ε(L)
and
√
µ(L)/ε(L) = |E(L)|/|H(L)| = |E(A)|/|H(A)| =√
µ(A)/ε(A). The last equation, the constancy of the
wave impedance, follows directly from the Lorentz trans-
formation of the fields described in Appendix B when
applied to the transformation from the A frame to the
L frame. Therefore, the transformations of the permit-
tivity and permeability of the medium are obtained to-
gether with the transformations of the refractive index in
Eq. (A4) as
ε(A) =
√
ε(L)
µ(L)
n(A)
c
, ε(L) =
√
ε
µ
n(L)
c
,
µ(A) =
√
µ(L)
ε(L)
n(A)
c
, µ(L) =
√
µ
ε
n(L)
c
. (A5)
Note that the relations in Eqs. (A4) and (A5) can be
generalized to describe the transformations of material
parameters between any inertial frames whose relative
velocity is parallel to the velocity of light. In this gener-
alization, the atomic velocity is replaced by the relative
velocity of the inertial frames. If this boost velocity is
not parallel to the velocity of light, then the fields D
and E are not generally parallel to each other. The same
applies to the fieldsB andH. Thus, the constitutive rela-
tions can generally be presented only as equations, where
the scalar permittivity and permeability are replaced by
matrices. The forms of these matrices could be derived
from the Lorentz transformations of the fields, described
in Appendix B.
Appendix B: Lorentz transformations of the
electromagnetic field and the atomic MDW
quantities
As presented in Ref, [12], the total SEM tensor of the
coupled MP state of the field and the MDW transforms in
a Lorentz covariant way from the L frame to an arbitrary
inertial frame moving with velocity v with respect to
the L frame. In the MP theory, we utilize the Lorentz
transformation of the electric and magnetic fields of the
standard Minkowski form, given by [7, 9]
E′ = E‖ + γ(E⊥ + v ×B),
H′ = H‖ + γ(H⊥ − v ×D),
D′ = D‖ + γ(D⊥ +
1
c2
v ×H),
B′ = B‖ + γ(B⊥ − 1
c2
v ×E). (B1)
These relations are built in the Lorentz covariance of
the electromagnetic field tensor Fαβ , the electromag-
netic displacement tensor Dαβ , and the related Maxwell’s
equations.
In addition, the MDW mass density, the velocity of
light, the velocity of atoms, and the velocity of the L
frame transform between arbitrary inertial frames as [12]
ρ′MDW =
c2 − vl · v
c2 − (v 	 va) · vρMDW,
v′l = −(v 	 vl),
v′a = −(v 	 va),
v′rel = −(v 	 vrel). (B2)
Equations (B2) present the essential difference between
the MP theory of light in a medium and the conventional
Minkowski SEM theory. The MP formulation is also dif-
ferent from other known formulations of electrodynamics,
none of which presents the atomic MDW as an integral
part of the total coupled state of light in a medium.
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